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Abstract. Dark matter may have been relativistic and collisional until relatively late times
and become cold and collisionless after a phase transition before the matter-radiation equality
of the standard ΛCDM cosmology. We show that such a dark matter has large peculiar
velocities due to acoustic oscillations before the phase transition, and evolves ballistically
after the phase transition in the collisionless phase until the initial acoustic velocities are
redshifted away. We show that this Ballistic Dark Matter (BDM) results in new non-trivial
interesting features in the cosmological observables. In particular, the linear matter power
spectrum exhibits acoustic oscillations on scales smaller than the Hubble scale at the time
of phase transition, and for fast transitions the power at the acoustic peaks in the matter
power spectrum exceeds that in a ΛCDM cosmology. If BDM only forms a part of the
total dark matter, an odd vs. even acoustic peak asymmetry becomes prominent. We
give an approximate analytical treatment of the linear perturbations in BDM, explaining
these features. We also discuss the possibility to constrain BDM using cosmic microwave
background and large scale structure data.
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1 Introduction
Diverse lines of cosmological evidence suggest that approximately 84% of the total matter
in the Universe behaves as if it were made of particles without appreciable interactions,
either among themselves or with other particles, and with very small velocity dispersion, i.e.,
collisionless cold dark matter (CDM) [1–7]. In most particle physics models of dark matter,
the dark component could not have been CDM-like at arbitrarily high redshifts. At early
enough times, the dark component in most dark matter models would have been relativistic
and collisional, coupled to itself and perhaps also with the visible sector. The dark component
would become non-relativistic at some epoch and also (almost) collisionless, as the different
interaction rates become slower than the expansion rate of the Universe, leading to chemical
freeze-out and kinetic decoupling. These three transitions, viz., becoming non-relativistic,
freeze-out of interactions with itself, and freeze-out with the visible sector, may or may not
always coincide (See Ref. [8] for an example).
In the standard WIMP (weakly interacting massive particle) models, freeze-out of dark
matter self-annihilations into visible sector particles, which fixes the dark matter abundance,
happens long after the dark component is already non-relativistic. See Ref. [9] for an overview.
On the other hand, in pure dark gauge sector models, dark gluons decouple from the visible
sector very early and undergo a phase transition to form nonrelativistic dark glueballs, whose
self-interactions may or may not be important [10–14]. Similarly, in asymmetric dark matter
models with light dark quarks, the dark relativistic plasma condenses into nonrelativistic
dark baryons which act as the dark matter [15–21]. We will club these theories, where a self-
collisional dark radiation transitions to collisionless dark matter at some late redshift z∗, long
after decoupling from the visible sector, under the rubric of “Ballistic Dark Matter” (BDM).
Here ballistic refers to the fact that the dark matter at the beginning of the non-relativistic
collisionless phase has large initial velocities inherited from the acoustic oscillations in the
relativistic collisional phase.
In the BDM model, the time and duration of the phase transition would affect the
background cosmology as well as perturbations. If the dark component of the Universe was
relativistic at the time of big bang nucleosynthesis (BBN), it would contribute to radiation
energy density and expansion rate of the Universe. Extra relativistic degrees of freedom,
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Figure 1. The matter power spectrum (solid red) as predicted in the ΛBDM cosmology with a fast
phase transition at redshift z∗ = 4 × 104, and BDM comprises all of the dark matter. The ΛCDM
power spectrum is also shown for comparison (dashed black).
parameterized by ∆Neff (the extra neutrino degrees of freedom having same energy density),
would modify the primordial nucleosynthesis if the phase transition takes place after the
BBN epoch [22]. The cosmic microwave background (CMB) data suggest that during the
epoch of recombination most of the matter must have been CDM-like [1] and restricts the
phase transition to happen before the recombination epoch. We could do slightly better and
require that the phase transition happens before the redshift of matter-radiation equality,
zeq, so that we do not change zeq. The background cosmological parameters, like the relative
matter and radiation densities and the Hubble parameter, would go to the ΛCDM values after
the phase transition. The effect on the cosmological observables, the CMB and matter power
spectrum [1, 23], would therefore appear dominantly through the modification of the dark
matter perturbations for modes which entered the horizon before the phase transition. We
will see the small scale modes, which entered the horizon before the ΛCDM matter-radiation
equality, and which are well measured by CMB and galaxy surveys, would yield the strongest
limits on the parameters of the phase transition.
The initial evolution of the matter perturbations after the phase transition is ballistic
and results in interesting deviations in the perturbations compared to the CDM of the stan-
dard cosmological model. A sample of this behavior is shown in Fig. 1, for a phase transition
at the redshift z∗ = 4 × 104 happening over a redshift-range ∆z = 0.01z∗ for BDM forming
all of dark matter. We will also consider cosmologies where BDM forms only a fraction
fBDM of dark matter and the remaining 1 − fBDM fraction is contributed by the standard
CDM. As one can see, not only does the matter power spectrum exhibit acoustic oscillations
at small scales, the power at the acoustic peaks exceeds the power in a standard ΛCDM
model. The physics of BDM acoustic peaks is similar to that of baryon acoustic oscillations
(BAOs) [24, 25]. We will see that, similar to the velocity overshoot effect in BAOs which
results in phase shift in the BAO peaks w.r.t the acoustic peaks in the CMB, the origin of
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the BDM acoustic peaks lies with the velocity perturbations at the time of phase transition
and they correspond to the extrema of the velocity perturbations. Both the negative minima
and the positive maxima of the BDM transfer function give rise to the peaks in the power
spectrum. If not all of dark matter is BDM, the alternate BDM transfer function extrema
would have either same or opposite sign to that of the CDM transfer function. The two DM
components would alternately add constructively and destructively for successive extrema
giving prominent asymmetry in the heights of odd vs even acoustic peaks in the total matter
power spectrum. The features we see are similar to the charged massive particle model in
Refs. [26, 27] also studied in Ref. [28] and have similar origin, namely, the initial velocity
perturbations derived from a previous acoustic phase. These features are distinct from those
of the other nonstandard models for which the growth of perturbations has been studied
in detail [29–44]. The purpose of this paper is to introduce this BDM model, highlight its
predictions, and explain them analytically. We will also discuss qualitative constraints on
this model from existing CMB and galaxy surveys but leave a more detailed parameter space
study for future work.
2 Ballistic Dark Matter: Model & Methods
We consider an effective macroscopic model for the dark sector, remaining agnostic to its
detailed particle physics underpinnings. We assume that at early times the dark sector
comprises of self-interacting relativistic species, that we call as the dark radiation (DR)
phase, and it transitions to non-interacting non-relativistic particles, i.e., dark matter (DM)
phase, at a redshift z∗ with the corresponding scale factor denoted by a∗. We further assume
that the anisotropic stress and all higher order moment perturbations in the Boltzmann
hierarchy vanish, leaving only the density and velocity perturbations and allowing the DR
phase to be described by its equation of state. This assumption can be relaxed, at the cost of
working with the full stress-energy tensor [45]. In the cosmological context, such an evolution
can be encoded in a time-varying equation of state (EoS) parameter for the BDM fluid,
wB(z) =
{
1/3 z  z∗ (before transition)
0 z  z∗ (after transition) .
(2.1)
The subscript B will denote quantities associated to the BDM fluid.
Exactly how the EoS transitions between these two limits would depend on the details
of the particle physics model of BDM. We expect that the cosmological observables, like the
matter power spectrum, would be sensitive to the time or redshift of phase transition and
how long the transition period lasts. Based on these considerations, we adopt the following
simple model for the EoS during the phase transition,
wB =
1
6
[
1− tanh
(
a− a∗
∆
)]
, (2.2)
where ∆ parametrizes the extent in scale factor over which the transition takes place. Note
that as long as ∆  a∗ and a∗  1, we have |∆/a∗| ≈ |∆z/z∗|, where ∆z is the redshift-
duration of phase transition. We will often refer to redshift instead of scale factor to give a
more intuitive sense of when the transition takes place and how long it lasts.
In general, BDM may form only a fraction fBDM of the total dark matter energy density.
To parametrize this possibility, we define
fBDM =
ΩBDM
ΩBDM + ΩCDM
, (2.3)
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as the present-day ratio of BDM to total dark matter, with the remaining fraction being
CDM-like at all epochs.
We will also be interested in how perturbations grow in the presence of BDM. The
equations for the linear perturbations of the BDM fluid in the conformal Newtonian gauge
can be written as:
˙δB = −(1 + wB)(θB + 3φ˙)− 3 a˙
a
(
c2s − wB
)
δB , (2.4)
θ˙B = − a˙
a
(1− 3wB)θB − w˙B
1 + wB
θB +
c2s
1 + wB
k2δB + k
2ψ . (2.5)
Here δB ≡ δρB/ρB is the fractional density perturbation, θB ≡ ikvB is the velocity per-
turbation divergence, and cs is the speed of sound in the BDM fluid. The scalar metric
perturbations are φ and ψ. We follow the sign convention of Ref. [46] for φ, which differs by
a sign from Ref. [47]. All derivatives are w.r.t. the conformal time τ . The second term on
the RHS of the first equation vanishes because we assume that the EoS does not depend on
the energy density, and hence the speed of sound c2s ≡ δP/δρ = w. We can combine Eqs.
(2.4) and (2.5) to get a second order equation for δB.
δ¨B +
a˙
a
(1− 3wB) ˙δB + k2wBδB = F ,
F ≡ −3 a˙
a
(1− 3wB) (1 + wB) φ˙− 3w˙Bφ˙− 3 (1 + wB) φ¨− (1 + wB) k2ψ .
(2.6)
This is a damped forced oscillator equation for δB, with a forcing term F arising from
metric perturbations which would be sourced by the self gravity of BDM as well as the other
components of the Universe. Once the phase transition starts, the equation of state wB < 1/3
and the damping term (∝ ˙δB) becomes non-zero, damping the acoustic oscillations until the
transition to DM phase is complete and the BDM fluid becomes non-interacting.
For the numerical results shown in this paper, we have implemented the BDM species,
defined by Eqs. (2.2 - 2.5), in the public codes CAMB [48] and CLASS [49]. We then computed
the transfer functions and the power spectra for this model using both codes and obtained
essentially identical results. When using the synchronous gauge, we always keep a trace
amount of ordinary CDM component to ensure that the gauge is well-defined. We will assume
that the stress-energy tensor components remain continuous across the phase transition to
connect the DR phase perturbations with the DM phase perturbations. We will also assume
that no additional perturbations are created due to the phase transition.
3 Cosmological Signatures
3.1 Extra Relativistic Degrees of Freedom
The BDM before the phase transition acts like dark radiation and would contribute to the
expansion of the Universe in the radiation dominated era modifying the expansion rate of
the Universe. This effect can be quantified by effective relativistic degrees of freedom (in
addition to photons), defined as
Neff =
∑
ρνi
ρFDν
+
ρDR
ρFDν
(3.1)
≡ NSMeff + ∆Neff . (3.2)
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Figure 2. (Left) ∆Neff at BBN for a BDM transition at z∗ for fBDM = 1. The upper bound is
from primordial element abundance measurement that restricts ∆Neff < 0.5 [22, 55]. (Right) The
gray-striped region in the z∗ − fBDM plane is ruled out by the BBN constraint.
where ρνi is the energy density of i
th neutrino, ρFDν is the energy density of a single neutrino
species assuming a thermal Fermi-Dirac distribution and no energy gain during the electron-
positron annihilation epoch, and ρDR is the energy density of dark radiation. The theoretical
prediction in standard ΛCDM cosmology with only standard model neutrinos contributing
to Neff is N
SM
eff = 3.046; the extra 0.046 taking into account the energy gained by neutrinos
during the electron-positron annihilation [50–54]. We have defined ∆Neff as the contribution
by new physics.
The quantity ∆Neff is constrained by both CMB and big bang nucleosynthesis (BBN)
observation data. The CMB experiments, such as Planck, are sensitive to the amount of
radiation present during recombination at z ∼ 1100. The DR in our BDM model never
thermalized with the visible sector. Also the time of phase transition must be much earlier
than the recombination era and the era of matter radiation equality in order to satisfy the
current cosmological constraints on the dark matter power spectrum. Therefore, the CMB
anisotropy constraints onNeff do not apply to our model because by the time of recombination
BDM has the same background evolution as the CDM. Here we are implicitly assuming that
all of the energy density in the BDM converts to dark matter. If this is not the case, and some
energy remains as radiation, the constraint from CMB may also be important. However, if the
phase transition happens after the BBN then DR in BDM model will certainly contribute to
the Neff at the time of BBN and can be constrained from the measurement of the primordial
helium and deuterium abundance [22, 55]. The strongest BBN constraints at present are
given by Neff = 3.28± 0.28 [55] or ∆Neff . 0.5.
In Fig. 2, we show the change in ∆Neff at the time of BBN as a function of z∗. For
fBDM = 1, one finds z∗ & 2 × 104. Note the ' 1/z∗ scaling of the limit. This is obvious
because the energy density due to BDM is fixed by requiring that it reproduce the present-
day dark matter energy density. The excess radiation in the BBN epoch thus simply scales
with the relative factor (1 + zBBN)/(1 + z∗). In the right panel of Fig. 2, the variation of
∆Neff in the plane of z∗ − fBDM is shown. The BBN constraint rules out the gray-striped
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Figure 3. (Left) The matter power spectrum in a ΛBDM cosmology with phase transition at z∗ =
4 × 104, but with different transition widths ∆z/z∗ = 1 (purple), 0.1 (yellow), and 0.01 (green).
(Right) The same matter power spectrum with different phase transition redshifts z∗ = 105 (purple),
4 × 104 (green), and 104 (yellow), but now for a fixed width ∆z/z∗ = 0.01. For comparison, the
ΛCDM power spectrum is shown as a dashed black curve in both panels. Note the enhancement of
power at the acoustic peaks at small scales relative to the ΛCDM case.
region. However, we will see that the strongest effects of BDM would be on the matter
power spectrum, and through it also on the CMB anisotropy spectrum, resulting in much
stronger constraints than the BBN constraints on ∆Neff . In other words, in the allowed
parameter space for BDM, the extra contribution to the radiation energy density before the
phase transition will not be of concern.
3.2 Matter Power Spectrum
The main signature of BDM is through its impact on the matter density perturbations.
Unlike in ΛCDM cosmology, here the BDM can support waves until the phase transition
occurs at z∗, leading to acoustic oscillations for k modes inside the horizon at z∗. We will
also see that the nature of these acoustic oscillations in BDM is somewhat different from
the acoustic damping seen in models where CDM is allowed to interact with a radiation like
species.
In Fig. 3, we show the dark matter power spectrum P (k) in a ΛBDM cosmology for
different values of the additional parameters of the theory, namely, the width of the phase
transition ∆z/z∗ and transition epoch z∗. In the left panel, the green, yellow and purple
curves represent the matter power spectra for transition widths ∆z/z∗ = 0.01, 0.1, and 1,
respectively. An important observation here is the relative suppression of the spectrum for
slower phase transitions. This feature can be attributed to the second term (∝ ˙δB) on the
LHS of Eq.(2.6). This term acts as a friction term in the oscillator equation and damps
the fluctuations during the span of the phase transition. The effect of the phase transition
epochs, z∗ = 104, 4×104, and 105, on the matter power spectrum is shown in the right panel
of Fig. 3. The value of z∗ decides the scale or wavenumber k∗ that was entering the horizon at
the time of phase transition. All modes with k < k∗ are unaffected and the power spectrum
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is indistinguishable from the ΛCDM case. The modes with k > k∗ entered the horizon before
the phase transition and experienced acoustic oscillations leading to the new features in the
power spectrum. Of course, as one would expect, if the phase transition occurs at very early
times the scale of acoustic oscillations moves to larger k, converging to the ΛCDM model in
the limit z∗ →∞.
3.2.1 Analytical Understanding of the Acoustic Peaks
To understand the effect of the phase transition on the evolution of the perturbations in a
simple way, we first assume an instantaneous transition at conformal time τ∗, corresponding
to the redshift z∗. Also, in this section, we shall assume z∗ > zeq, i.e., the phase transi-
tion happens inside the radiation-dominated era. With this instantaneous phase transition
approximation, the evolution equation for δB, Eq. (2.6), in each phase can be written as:
δ¨B +
k2
3
δB = −4φ¨− 4
3
k2ψ , DR phase , (3.3)
δ¨B +
a˙
a
˙δB = −3φ¨− 3 a˙
a
φ˙− k2ψ , DM phase . (3.4)
In this section, we shall be interested only in those modes which entered the horizon much
before τ∗. We know that the metric perturbations decay to zero after a mode k enters the
horizon during the radiation-domination era. Therefore, if we ignore the potential-dependent
source terms on the RHS of Eqs. (3.3) and (3.4), the BDM perturbation equation Eq. (3.3)
has an oscillatory solution
δB(x < x∗) = A cosx , (3.5)
where we have defined the dimensionless quantity x ≡ kτ/√3 for convenience. We kept only
the cosine solution, as required by the adiabatic initial conditions at τ = 0. This solution
represents perturbation modes with acoustic oscillations of frequency k/
√
3. After the phase
transition the evolution of BDM is described by Eq. (3.4), yielding logarithmic growth during
radiation domination,
δB(x > x∗) = B lnx+ C . (3.6)
To fix the constants of integration, B and C, we should know the T 00 and T
0
i components
of the BDM stress-energy tensor at the end of the phase transition or at the beginning of
the DM phase. Because we are trying to study the cosmology in a model-independent way,
we consider the simplest possible choice, i.e., both these components of Tµν are continuous
during the phase transition. This assumption yields
(δB)DR = (δB)DM ,
( ˙δB)DR = ( ˙δB)DM − φ˙ .
(3.7)
Since the potential φ decays after the mode enters the horizon, we finally have continuous
δB and ˙δB across the phase transition happening x = x∗. Their values at x∗ act as the
initial conditions for the perturbations in the ensuing DM phase. Therefore, the solutions of
Eq.(3.5) and (3.6) need to be matched at x = x∗ by equating δB and ˙δB. The final DM phase
solution is then given by
δB(x > x∗) = A cosx∗ −Ax∗ sinx∗ ln
(
x
x∗
)
. (3.8)
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The constant A is set by the initial conditions or initial curvature perturbation. Although
the evolution is always logarithmic during radiation dominated era, depending on the value
of x∗ = kτ∗/
√
3, two extreme cases are possible in the DM phase:
δB(x) = (−1)nA , if x∗ = npi , (3.9)
δB(x) = (−1)n+1Ax∗ ln
(
x
x∗
)
, if x∗ =
(
n+
1
2
)
pi . (3.10)
Here n is any integer. For the modes with k such that x∗ = npi, the density fluctuation does
not grow at all after the phase transition. Eventually these modes at even multiples of pi/2 (or
zeros of the sine) at the phase transition will carry less power and correspond to the minima
in the power spectrum. On the contrary, if x∗ = (n+ 1/2)pi, these modes at odd multiples of
pi/2 at the phase transition (extrema of the sine function) will have logarithmic growth with
maximum slope. This large initial slope or prefactor is responsible for fast initial growth
which may, for sharp phase transitions, overtake the ΛCDM perturbation giving acoustic
peaks that overshoot the ΛCDM power for the same k modes.
Physically these two families of solutions are caused by the different velocities of the
perturbation at τ∗. The modes which were crossing zero and had maximum velocity at
x∗, i.e., | ˙δB(x∗)| = A, will continue moving ballistically with the same bulk velocity in the
collisionless DM phase, until the initial velocity is redshifted away. This inherited extra bulk
velocity kick w.r.t what we expect from just gravitational infall in standard CDM, results
in a faster logarithmic growth for these modes compared to all other modes. On the other
hand, the modes having maximum displacement and zero velocity at x∗, i.e., | ˙δB(x∗)| = 0,
will not grow initially because the prefactor of the logarithmic term in Eq. (3.8) vanishes. All
other modes which do not belong to these two extreme cases also have logarithmic growth
but with relatively smaller slope. After τ = τeq in the matter-dominated era, all modes
grow as δB ∼ a ∼ τ2. These different types of mode evolution will reflect themselves in
the shape of the matter power spectrum. In particular it is the peculiar or bulk velocities
of acoustic oscillations, and hence the sine mode, which get imprinted in the matter power
spectrum, similar to the phase shift experienced by the baryon acoustic oscillations w.r.t. to
the acoustic oscillations imprinted in the CMB [24, 25].
In the left panel of Fig. 4, we show the evolution of δB as a function of τ for the mode
k = 2h/Mpc for five different values of τ∗. This is simply the analytical solution shown in
Eq. (3.8). The color-coding represents the absolute value of ˙δB, hence the absolute value
of θB. The transition epochs are chosen such that x∗ = 3.5pi, 3.85pi, 4pi, 4.15pi and 4.5pi,
respectively. Until the phase transition the evolution is identical, but depending on x∗ the
curves emanate from the phase transition point with different colours (i.e., velocities) which
can be seen in the zoomed-in version of the gray region in the inset. As was argued in
Eq.(3.10), the cases x∗ = 3.5pi and 4.5pi correspond to the extrema of the sine function (or
the peculiar velocities at the phase transition) which show fast growth of the perturbations,
resulting in excess power at the acoustic peaks seen in Fig. 3. The case with x∗ = 4pi is the zero
of the sine function and has zero velocity but maximum density perturbation at τ = τ∗ and
remains frozen at this value, lagging behind all other modes at late times. They correspond
to the dips in the oscillatory part of the power spectrum. Other cases of x∗ = 3.85pi and 4.15pi
have intermediate velocities at τ∗. Note how all peculiar velocities redshift as ∼ 1/a after
the phase transition. Eventually, of course, the peculiar velocities sourced by gravitational
potentials will take over.
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Figure 4. (Left) Analytical solution of the BDM linear perturbation equations for the mode k =
2h/Mpc. Five curves are shown with different τ∗s corresponding to x∗ = 3.5pi, 3.85pi, 4pi, 4.15pi and
4.5pi, respectively. The colour of the curves represent the absolute value of the velocity perturbation
|θB|. A zoomed-in version of the gray region is shown in the inset. The dashed, gray line shows the
evolution of the same mode in CDM perturbation. (Right) Numerical solution for evolution of two
modes of BDM perturbation δB corresponding to a maximum (x∗ ≈ 13pi/2) and a minimum (x∗ ≈
12pi/2) in the matter power spectrum. Corresponding CDM mode evolutions in ΛCDM cosmology
are also shown as dashed curves. The other parameter values are z∗ = 4 × 104, ∆z/z∗ = 10−2 and
fBDM = 1.
In the right panel of Fig. 4, we see that the numerical results show the same behavior as
above. The two modes, k = 4.305h/Mpc and 4.661h/Mpc, roughly correspond to x∗ ' 12pi/2
and 13pi/2, respectively, for a phase transition at z∗ = 4 × 104. These modes lead to a dip
and a peak, respectively, in the matter power spectrum. The perturbations remain constant
at their initial values until the time of their respective horizon entry which happens when
kτ ' 1. Afterwards they start oscillating with a frequency k/√3. They continue to oscillate
until τ∗, thereafter they start growing as ∼ ln τ during the radiation-domination era and as
∼ τ2 in the matter-domination era. The same modes for δc in a ΛCDM cosmology are also
shown in the dashed curves. As discussed in the preceding paragraph, the modes starting
with extra bulk velocity kicks from the pre-phase transition oscillations overshoot the ΛCDM
value and eventually acquire more power. They give rise to the peaks in Fig. 3. Whereas
those perturbations which were at their maximum values at the time of phase transition
(hence, zero velocity) grow at a much slower rate and lead to the dips in Fig. 3. Indeed the
mode labeled by x∗ ≈ 13pi/2 (solid blue, peak of the sine function), grows faster and goes
above the ΛCDM curve (dashed blue, zero of the sine function), while the mode labeled by
x∗ ≈ 12pi/2 (red curve) remains below it. This gives rise to the oscillatory feature in the
matter power spectrum in Fig. 1, with the upper envelop of the oscillations going above the
ΛCDM expectation.
From Eq.(3.10), we note that the absolute value of maximum perturbation is propor-
tional to the wavenumber k. Hence the transfer function T (k)max ∼ k. As a result, we expect
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Figure 5. The matter power spectra for three different BDM fractions fBDM = 0.2, 0.4 and 0.8. The
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the envelop of the peaks of the P (k) to scale as ∼ 1/k,
P (k)max ≡ 2pi
2Pp
k3
T (k)2max ∼ 1/k , (3.11)
where Pp is the primordial scalar power spectrum defined as
Pp = As
(
k
k0
)ns−1
, (3.12)
in terms of the amplitude As, the scalar index ns = 0.96, and the pivot scale k0 [1]. The
1/k upper envelop of P (k) predicted by Eq.(3.11) is evident in Fig. 3 for the case of fast
transition, ∆z/z∗ = 0.01, as shown by the dashed gray line.
3.2.2 Odd-Even Peak Asymmetry
An interesting asymmetry in the heights of the power spectrum peaks becomes apparent if
the fraction of BDM is neither 0 nor 1. Three representative cases are shown in Fig. 5 with
fBDM = 0.2, 0.4 and 0.8, respectively. We have numbered the peaks according of value of
n in Eq. (3.10) with the first peak given by n = 0 corresponding to first zero crossing of
cosine (density) or first extrema of sine (peculiar velocity). First, we concentrate on the
fBDM = 0.4 case and observe that the heights of the odd-numbered peaks are greater than
the even-numbered ones. To understand the reason behind this asymmetry, we plot in the
left panel of Fig. 6 the individual BDM and CDM transfer functions TB (dashed orange) and
TC (dashed light blue), along with the total dark matter transfer function TDM(k) (solid
black), which is defined as
TDM(k) = fBDMTB(k) + (1− fBDM)TC(k) , (3.13)
at a redshift z = 3000. Oscillations with amplitude growing with k are present in the BDM
transfer function, TB(k), as expected. However, we now see that such oscillations, albeit
with smaller amplitude, are also imprinted in the CDM transfer function TC. This is the
result of the CDM responding to the gravity of BDM or the gravitational potential φ which
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Figure 6. (Left) Individual transfer functions of BDM TB(k) (dashed orange), CDM TC(k) (dashed
light blue), and the total dark matter transfer function TDM = fBDMTB+(1−fBDM)TC (solid black) at
redshift z = 3000 for fBDM = 0.4. (Right) Comparison between dark matter transfer functions TDM(k)
computed for three different fractions of BDM, viz., fBDM = 0.2 (red), 0.4 (blue), and 0.8 (green).
Other phase transition parameters are z∗ = 4× 104, ∆z/z∗ = 10−2.
has contribution from TB. Further, we observe the relative sign between the two transfer
functions. At the positions of the peaks of TB, the two transfer functions have the same
sign and reinforce each other resulting in a larger magnitude of TDM. On the other hand,
at the troughs of TB they have opposite signs and can partially cancel each other. These
shallower troughs of the TB, that are below zero, appear as smaller peaks in the matter
power spectrum. This leads to the asymmetry between the consecutive maxima in the matter
power spectrum in Fig. 5. Physically, the initial velocities of BDM at the phase transition
for k modes corresponding to even values of n were such that the (BDM) matter flowed from
out of the initial overdensities, which were the same for CDM and BDM according to the
adiabatic initial conditions, and flowed into the initial underdensities and thus reducing the
amplitude of perturbations for those modes. For the modes corresponding to odd values of
n, the BDM matter flowed into the CDM overdensities and out of the CDM underdensities,
increasing the density contrast.
Both components of the dark matter are needed in sizeable amount for the odd-even
acoustic peak asymmetry to be prominent. This is evident from the fBDM = 0.2 and 0.8
plots in Fig. 5 and the right panel of Fig. 6. For fBDM = 0.2, the BDM has a sub-dominant
contribution to the total power spectrum and the out of phase extrema of BDM (even-n)
only result in giving minima in the total power spectrum. Thus only the odd-n modes result
in acoustic peaks in the total matter power spectrum. As we increase fBDM, the minima
in the total transfer function become deeper and deeper and at some point cross zero (see
Fig. 6, right panel). Once the total transfer function has a zero crossing, the zero-crossings
become the deep minima in the matter power spectrum and the minima of the transfer
function appear as additional peaks, doubling the number of acoustic peaks in the total
power spectrum.
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Figure 7. Comparison between the observed matter power spectrum by WiggleZ [3] and the theo-
retical power spectra for different transition redshifts, z∗ = 4× 104, 5× 104, 6× 104.
The asymmetry, i.e., the relative heights of the consecutive maxima in the power spec-
trum is fixed once the initial peculiar velocities have redshifted away. Subsequently, the
BDM and CDM can be treated as a single collisionless cold fluid, with a modified power
spectrum which grows linearly with redshift identically to the CDM fluid in the standard
ΛCDM cosmology. In particular, subsequent linear growth does not change the shape of the
power spectrum and the asymmetry and acoustic features persist until today in linear theory.
3.3 Qualitative Constraints from the Matter and CMB Power Spectrum
As we have already discussed, the effective relativistic degrees of freedom during BBN already
gives interesting constraints on the redshift of phase transition. A more stringent lower bound
on z∗ is given by the measurement of the dark matter power spectrum. From Fig. 3 we see
that even a value z∗ = 104 predicts a sharp drop in power at k = 0.1h/Mpc near the second
BAO peak. These scales are well measured at many redshifts by the current galaxy surveys
like SDSS [23] and WiggleZ [3] and therefore z∗ = 104 is clearly ruled out by the current
matter power spectrum measurements. We show the WiggleZ data from the redshift range
0.5 < z < 0.7 and theoretical ΛBDM power spectrum using the flat ΛCDM best-fit model
parameters in the Table VII of Ref. [3] in Fig. 7 for different z∗. We have used the same
binning as the WiggleZ data for the theoretical power spectrum and convolved it with the
WiggleZ window function. As we can see, even when restricting to approximately linear
modes, k < 0.3h/Mpc, we can already rule out z∗ smaller than ∼ 5× 104 by eye. We remind
that this is a crude estimate, and to be more accurate one needs to do a more detailed study
with degeneracies with other ΛCDM parameters, such as ns, taken into account.
We will also expect modifications to the CMB anisotropy power spectrum at small
angular scales as it is sensitive to the total dark matter power spectrum at the time of
recombination. In a flat Universe, the mode k∗ corresponds to an approximate angular scale
of `∗ ' k∗τ0 where τ0 = 1.4×104 Mpc is the conformal time today. Therefore the observability
of this effect in the CMB angular power spectrum would depend on the value of k∗. The
smallest scale probed by the current Planck experiment corresponds to `max = 2500 implying
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Figure 8. (Left) Effects in the CMB TT power spectrum is shown for z∗ = 104 (red), 2× 104 (blue),
and 4 × 104 (green) with ∆z/z∗ = 0.01 and fBDM = 1. (Right) The difference between ΛBDM and
ΛCDM powers ∆DTT` ≡ (DTT` )ΛBDM− (DTT` )ΛCDM. We compare this ∆DTT` with the Planck high-`
(47 ≤ ` ≤ 2499) binned data, and conclude that the Planck data puts a rough lower limit on the
transition redshift z∗ & 4× 104.
a value of k∗ ' 0.2h/Mpc, therefore a sensitivity to z∗ . 6×104. The typical changes expected
in the CMB TT angular power spectrum are shown in the left panel of Fig. 8 for z∗ = 104
(red), 2 × 104 (blue) and 4 × 104 (green). We use the best-fit values of ΛCDM parameters
from the Planck experiment [1]. In the right panel of Fig. 8, we plot the difference between
ΛBDM and ΛCDM powers ∆DTT` ≡ (DTT` )ΛBDM − (DTT` )ΛCDM together with the Planck
high-` (47 ≤ ` ≤ 2499) binned data error bars. We conclude that values of transition redshift
z∗ . 4× 104 are not consistent with the CMB data. The next-generation CMB observation
experiments promise to probe even smaller angular scales and correspondingly smaller k
values [56].
The matter power spectrum and the CMB power spectrum at present would give com-
parable constraints on the BDM parameters (z∗,∆z/z∗, fBDM) with the constraints from the
matter power spectrum expected to be stronger. We leave a more detailed Markov Chain
Monte Carlo study of the ΛBDM parameters using current CMB temperature and polariza-
tion data and matter power spectrum for a future publication.
4 Summary & Conclusions
We have studied the cosmological consequences of a class of dark matter models defined by
two main properties:
1. The time when the dark matter becomes non-relativistic coincides with it also becoming
collisionless and the dark fluid is strongly interacting before this phase transition.
2. This phase transition happens much later than the decoupling of dark matter from the
visible sector and in particular happens after BBN and before recombination.
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Before the phase transition to non-relativistic collisionless dark matter, the radiation-like
particles were tightly coupled together and constituted a perfect fluid. The pressure in the
fluid supports acoustic oscillations and stalls the growth of density perturbations during the
period between a mode’s horizon entry and the phase transition at τ∗. The consequence of the
above two features is that the non-relativistic phase of the dark matter starts with a non-zero
peculiar velocities which are a sinusoidally oscillating function of the mode k, and which are
90 degrees out of phase w.r.t. the density fluctuations, inherited from the previous tightly
coupled relativistic phase. The initial evolution in the collisionless phase is ballistic until the
initial acoustic peculiar velocities have been redshifted away, hence the name Ballistic Dark
Matter or BDM. Afterwards the perturbations grow in a similar fashion as in the ΛCDM
cosmology. The initial evolution after the phase transition of a mode is therefore driven
almost entirely by the peculiar velocities at the phase transition. The modes which had the
maximum velocity at τ∗ grow fastest and the modes for which the density perturbation was
at the maximum amplitude and hence had zero velocity have the slowest initial growth. The
acoustic oscillations before the phase transition are thus imprinted on the dark matter power
spectrum. For fast phase transitions, the acoustic peaks in the matter power spectrum, driven
by high initial peculiar velocities, can exceed the ΛCDM power. The excess growth of power
relative to the ΛCDM case can be suppressed if the phase transition happens rather slowly.
A gradual variation of the EoS of the dark sector fluid leads to damping of perturbations.
If BDM does not dominate the matter energy density in the Universe then an asymmetry
arises in the peak heights of the matter power spectrum. This happens because the transfer
functions of CDM and BDM can be in-phase or out-of phase at the extrema of the BDM
transfer function. The minima and maxima of the BDM transfer function have opposite
sign and would give rise to similar amplitude acoustic peaks if BDM formed all of dark
matter. The CDM transfer function on the other hand does not change sign as a function
of k. Therefore successive extrema of the BDM would have alternatively the same and the
opposite sign to that of CDM and the two can add constructively or destructively. The
acoustic peaks in the total matter power spectrum would be therefore alternate between
enhancement and suppression giving an odd-even peak asymmetry.
By varying the three parameters of our BDM model, the redshift of phase transition,
z∗, the duration of phase transition, ∆z/z∗, and the fraction of dark matter formed by
BDM, fBDM, we can get a rich variety of features and, in particular, tune the matter power
spectrum to be enhanced or suppressed at particular wavenumbers k. We have shown, by
comparison with existing data, that for fast transitions and all of DM formed by BDM, the
phase transitions must happen at z∗ > 5 × 104. Our results indicate that Ballistic Dark
Matter has rich cosmological phenomenology and motivate a more detailed study of the
consequences of such a dark matter model on the large scale structure, in particular in the
non-linear regime, in the future.
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